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A NEW MODELING APPROACH FOR UNDESIRABLE FACTORS 
IN EFFICIENCY EVALUATION OF CEMENT INDUSTRY WITH 
FOUR STAGES STRUCTURE BASED ON PIECEWISE LINEAR 
NDEA MODEL 
 

Abstract. The undesirable outputs have a negative impact on the efficiency 
of DMUs and will be unavoidable. So, a method for evaluating efficiency should be 
able to consider nonlinear value of undesirable outputs and improve efficiency of 
DMUs with decreasing undesirable outputs and increasing desirable ones. 
Network data envelopment analysis (NDEA) models consider the internal structure 
of a production system while measuring efficiencies, But are based on the 
assumption that the weights coupled with the ratio scales of the inputs and outputs 
imply linear value functions. Linear value may not properly show the differences in 
the value obtained from one DMU to another. So, this paper propose a new model 
according to the NDEA technique and a piecewise linear function, which considers 
the effects of undesirable outputs in efficiency evaluation and distinguishes the 
valuation between different amount of undesirable outputs have produced by 
different DMUs. The proposed model was employed to evaluate efficiency of the 42 
cement companies.  

Keywords: efficiency, piecewise linear function, network DEA, undesirable 
outputs, cement Industry. 
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1. Introduction 
 

In conventional DEA models, DMUs are regarded as black-boxes, whereas the 
internal structure and operation of DMUs are ignored. Therefore, they cannot 
provide information on the performance of internal stages, and the resultant 
efficiency can be misleading. Hence, the network DEA (proposed by Fare and 
Grosskopf, 2000), considering the internal processes of systems, can determine the 
relative performance of network structure systems and yield more meaningful and 
informative results than the traditional DEA. There are hundreds of studies on the 
network DEA. Some of them have developed specific models to measure 
efficiency under special conditions, whereas some others have analyzed the 
properties of certain models. Other studies have used the existing models to solve 
real-world problems (Kao, 2014). 
The production of undesirable outputs such as waste, pollution, aerosols, and others 
alongside desirable outputs is one of the main reasons for inefficient production 
processes. The production of undesirable outputs that have a negative impact on 
DMUs efficiency will be unavoidable and the presence of such outputs has a 
significant effect on estimation of DMUs efficiency. In such conditions, the 
designated efficiency evaluation method should be able to decrease undesirable 
outputs and increase desirable ones while being compatible with the concepts of 
production theory. D’Inverno et al. (2018) considered the undesirable output and 
performed a new integrated analytic hierarchy process, i.e. a directional non-radial 
distance function. Huang and Chung (2017) considered a directional technology 
distance function so that the desirable factors would be expanded and that the 
undesirable ones would be contracted simultaneously. Khoshroo et al. (2018) 
formulated a new non-radial DEA-based efficiency model for efficiency analysis. 
Song et al. (2018) developed an improved approach in order to assess resources 
and environmental efficiency based on DEA. Their approach introduced the 
assessment of resource inputs into an objective function. The new model can 
measure efficiency in regard to resource input, undesirable outputs, and desirable 
outputs. Liu et al. (2015) analyzed two-stage DEA models with undesirable input-
intermediate-outputs. They employed the free disposable hull to create production 
possibility sets (PPS) and the corresponding DEA models with undesirable 
variables. Kalhor and Matin (2018) modeled a general network DEA approach in 
the presence of undesirable outputs. They proposed some network DEA models 
with undesirable outputs to evaluate the performance of production units. Maleki et 
al. (2019) introduced a novel PPS for a two-stage network in the presence of 
undesirable intermediate products and nondiscretionary exogenous inputs.  
Fare and Grosskopf (2000) suggested the necessity of adopting the NDEA model, 
which had been used in many areas (cf. Cook’s (2010) review paper). The NDEA 
modelling technique was also employed in this paper. In addition, since a large 
number of real-world problems entail different inputs and outputs with nonlinear 
values, the results will not be accurate, reliable, and useful if linear valuation is 
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used in performance evaluation (values are the coefficients of inputs or outputs in 
modelling and can be the price of desirable outputs or the cost of inputs and 
undesirable outputs). The piecewise linear function was hence employed to 
distinctly valuate the variables of a DMU with those of another (Cook & Zhu, 
2009). Seiford and Zhu (2002) reckon if undesirable outputs are used as inputs, 
then the DEA results will not accurately represent the production process. 
Therefore, undesirable outputs should be employed in modelling so that as it 
increases the value that the model associates with, the scale should decrease. In 
other words, undesirable and desirable output valuation should be differentiated. 
Since the DEA models are intended to increase output, however, they are unable to 
distinguish between desirable and undesirable outputs and will associate a higher 
value to undesirable outputs. For instance, highly polluted air will people more 
allergic, therefore different degrees of importance should be attributed to different 
levels of pollution. In efficiency measurements, it is essential to attribute different 
levels of importance to different values of undesirable outputs. Hence, in order to 
analyze the effects of undesirable outputs on performance evaluation and obtain 
accurate and useful results, the nonlinear valuation and behavior of outputs should 
also be considered in modelling. 
This paper aimed to develop and correct certain shortcomings in performance 
evaluation models that don’t produce useful and accurate results due to undesirable 
outputs. Compared to previous studies, this paper has implemented the following 
innovations: 
• Proposing a new idea for considering the effects of undesirable outputs on 

performance evaluation while taking different weights into account in order to 
justify the nonlinear value of undesirable outputs. 

• Developing a mathematical model with the piecewise linear function to 
account for undesirable outputs in performance evaluation. 

• Since undesirable outputs (e.g. greenhouse gas emissions) significantly impact 
the efficiency of cement companies in production and consumption processes, 
this paper proposed a general network structure designed through NDEA 
modelling for the first time to evaluate the efficiency of cement companies by 
analyzing the nonlinear value of undesirable outputs in the modelling process. 

The rest of the paper consists of the following sections. NDEA model is presented 
along with the piecewise linear DEA in Section 2. Section 3 discusses the proposed 
model for measuring efficiency with piecewise linear factors in NDEA. The model 
is employed in Section 4 to evaluate the efficiency of 42 cement facilities in Iran. 
The empirical results are also presented in this section. The conclusion is finally 
drawn in Section 5. 

2. Preliminaries 
2.1. Network Data Envelopment Analysis (NDEA) 
In the conventional DEA, DMUs are usually formulated as a single process 

transforming inputs into outputs. They are treated as a black-box in which internal 
structures are generally ignored (Fare and Grosskopf, 2000). For the systems 
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of pairs of regular and mentioned variables, respectively. The choice of number, 
width of ranges, and bounds on the ratios of pairs of variables need to be carefully 
determined by an analyst. 

Hosseinzadeh Lotfi et al. (2010) showed that the model proposed by Cook 
and Zhu (2009) failed to produce acceptable targets. Thus, they improved the 
piecewise linear CCR model to facilitate producing Pareto-efficient targets. They 
also applied non-radial improvements to fill the lower ranges before filling the 
upper ones  (see Hosseinzadeh Lotfi et al. (2010)).  

Ji et al. (2018) combined the DEA algorithm with classification 
information and presented a novel DEA-based classifier to construct a piecewise 
linear discriminant function. In this classifier, class information is added, and the 
nonnegative conditions of DEA model are lost. 

 
3. The proposed model 
 

In many studies, network production systems are restricted to have serial or 
parallel structure. Fukuyama and Weber (2010) employed the slack-based 
inefficiency (SBI) and directional distance function (DDF) models to determine an 
efficiency score of DMUs with undesirable outputs in the general structure of 
NDEA. Lozano et al. (2013) analyzed the general NDEA with undesirable outputs. 
They proposed a production technology for this structure and also introduced a 
DDF model for performance evaluation. Kalhor and Kazemi Matin (2018) modeled 
a general NDEA, considered in the presence of undesirable outputs. Some NDEA 
models were also developed for performance evaluation of production units.  

Few papers have evaluated the efficiency of a general network structure 
with respect to undesirable outputs while suggesting that considering undesirable 
outputs in a general network structure could affect efficiency and make the results 
more accurate. This paper aims to address the following question: “which model 
can properly account for the effects of undesirable outputs on a general network 
structure and determine efficiency?” As mentioned earlier, this paper is intended 
for developing a DEA-based model to evaluate sustainable performance in 
different industries. The cement industry has a strategic and significant role in a 
nation’s civil and economic development and is characterized by the largest 
production rate of all other industries in the modern era. Some argue that cement 
production is an indicator of growth and development for every country, and has a 
key role as a fundamental industry in developing Iran’s economic infrastructures. 
So, in this section we consider a general network structure and propose a new 
model based on NDEA to evaluate efficiency of DMUs in the presence of 
piecewise linear undesirable outputs. The proposed model was then validated by 
evaluating the efficiency of Iranian cement companies in 2016. Fig. 2 presents the 
proposed model framework.  
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financial costs, (9) total number of employees, (10) total debts of factories. Z: (1) 
total available mineral reserves, (2) total tonnage of extracted minerals, (3) total 
tonnage of chemical and mineral raw materials added to the production process, (4) 
total mineral raw materials in storage depots for use in cold seasons, (5) the quality 
of training programs for suppliers and employees for sustainable production and 
TQM, (6) annual Mazut energy fuel consumption in lit/t, (7) total research and 
development expenditures, (8) total energy cost, (9) actual industry capacity, (10) 
annual power consumption in kw/h, (11) annual gas consumption in m3/t, (12) the 
environmentally degrading effects of mining. M: (1) response cost of Total dust 
particles produced in Mg/Nm3, (2) response cost of average annual greenhouse gas 
emissions of NOX in Mg/Nm3, (3) response cost of average annual greenhouse gas 
emissions of SO2 in Mg/Nm3, (4) response cost of average annual greenhouse gas 
emissions of CO in Mg/Nm3. K: (1) the factory’s total cement production tonnage, 
(2) the factory’s total clinker production tonnage, (3) the total impact of the 
permeation of drinking water and wastewater into groundwater, (4) average annual 
greenhouse gas emissions of NOX in Mg/Nm3, (5) average annual greenhouse gas 
emissions of SO2 in Mg/Nm3, (6) average annual greenhouse gas emissions of CO 
in Mg/Nm3, (7) total dust particles produced in Mg/Nm3. z': (1) suppliers’ 
flexibility, (2) improving the relationships in the supply chain, (3) the total cost of 
increasing supply chain reliability, (4) compliance with legal standards and 
governmental rules in the supply chain. L: (1) total marketing costs, (2) warehouse 
inventory value in rial (materials and goods), (3) total tonnage of bagged and bulk 
cement sold in domestic and export markets, (4) total tonnage of clinker sold, (5) 
number of pp cement bags consumed annually, (6) consumer price. K': (1) inverse 
procurements, (2) the effect of factory efficiency on creating negative conditions in 
the ecosystem, (3) the costs of environmentally friendly design, (4) social 
responsibility, (5) efforts for using advanced technologies and substitute raw 
materials. Y: (1) total current assets, (2) factory brand competitiveness and 
globalization, (3) green space development culture, (4) total earnings from product 
sales, (5) total profits, (6) annual growth rate according to performance, (7) return 
on assets (ROA), (8) return on equity (ROE), (9) effectiveness of factory in a 
particular area of activity, (10) customer satisfaction, (11) implementing quality 
working conditions for personnel, (12) social responsibility, (13) ton of waste 
(bags) disposed in the environment, (14) ton of pollution caused by emitting 
unrecyclable substances.  

It is important to determine inputs and outputs in implementing the NDEA 
efficiency evaluation model on which there is commonly no consensus. Inputs and 
outputs are usually determined on the basis of their common definitions. In other 
words, an input variable is one that increases efficiency as it decreases, whereas an 
output variable is one which increases efficiency as it increases In addition, the 
presence of undesirable outputs such as dust emission, greenhouse gases, 
unrecyclable substances, and waste disposal can increase inefficiency or negatively 
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for modelling undesirable outputs, the weighted sum of the thirteenth undesirable 
output will be equal to the weighted sum of each interval specified for that output. 

Therefore, 1, yrK in 1, 1,

1,

3
4, 4,

13 13
1

r rY Y

rY

K K

j
K

u Y
=

 shows the number of intervals assumed for 

the thirteenth Y output, 1,4,

13
rY

K
u indicates the value of each 1, yrK  interval pertaining 

to the thirteenth variable, while 1,4,

13
rY

K

jY refers to the scale of the thirteenth variable 

in the 1, yrK th interval. Accordingly, the scale of the thirteenth output was divided 

into three intervals ( 1, 1, 2,3
yrK = ), in each of which the output indicated linear 

behaviour and the intervals had a different value. Moreover, 2, yr
K in 

2, 2,

2 ,

4
4, 4,

14 14
1

r rY Y

rY

K K

j
K

u Y
=

 shows the number of intervals assumed for the fourteenth Y 

output, 2,4,

14
rY

K
u indicates the value of each 2, yr

K  interval pertaining to the fourteenth 

variable, while 2,4,

14
rY

K

jY refers to the scale of the fourteenth variable in the 2, yr
K th 

interval. Accordingly, the scale of the fourteenth output was divided into four 
intervals (

2, 1,2,3,4
yr

K = ), in each of which the output indicated linear behaviour 

and the intervals had a different value. 
12

1 2 1 2

1
Z Z

Z

r r j
r

u Z
=
 : weighted sum outputs of Z pertaining to DMUj (j= 1, … ,42), in 

which the number of variables is 1,...,12Zr = , which are the outputs resulting from 

Stage 1 used as inputs for Stage 2. Out of 12 variables, the first 11 ones are 
considered desirable outputs, whereas the twelfth variable is undesirable. For the 
sake of simplicity, the weighted sum outputs were divided into Z’s weighted sum 
desirable outputs and its weighted sum undesirable output. Since the piecewise 
linear valuation was used for modelling undesirable outputs, the weighted sum of 
the twelfth undesirable output will equal the weighted sum of each interval 

specified for that output. Therefore, 
Zr

K in 
3

1 2, 1 2,

12 12
1

r rZ Z

rZ

K K

j
K

u Z
=
 shows the number of 

intervals assumed for the twelfth Y output, 
1 2,

12
rZ

K
u indicates the value of each 

Zr
K  

interval pertaining to the twelfth variable, while 
1 2,

12
rZ

K

jZ refers to the scale of the 

twelfth variable in the 
Zr

K th interval. Accordingly, the scale of the twelfth output 
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was divided into three intervals ( 1, 2,3
Zr

K = ), in each of which the output 

indicated linear behaviour and the intervals had a different value. 
7

2 3 2 3

1
K K

K

r r j
r

u K
=
 : weighted sum outputs of K pertaining to DMUj (j= 1, … ,42), where 

the number of variables is 1,..., 7Kr =  showing the outputs resulting from Stage 2 

used as inputs for Stage 3. Out of 7 variables, the first 3 ones are considered 
desirable outputs, whereas the fourth, fifth, sixth, and seventh variables are 
undesirable. For the sake of simplicity, the weighted sum outputs were divided into 
K’s weighted sum desirable outputs and its weighted sum undesirable outputs. 
Since the piecewise linear valuation was used for modelling undesirable outputs, 
the weighted sum of the fourth undesirable output will equal the weighted sum of 

each interval specified for that output. Therefore, 1, Kr
K in 1, 1,

1,

3
2 3, 2 3,

4 4
1

r rK K

rK

K K

j
K

u K
=



shows the number of intervals assumed for the fourth K output, 1,2 3,

4
rK

K
u indicates 

the value of each 1, Kr
K  interval pertaining to the fourth variable, while 1,2 3,

4
rK

K

jK

refers to the scale of the fourth variable in the 1, Kr
K th interval. Accordingly, the 

scale of the fourth output was divided into three intervals ( 1, 1,2,3
Kr

K = ), in each 

of which the output indicated linear behaviour and the intervals had a different 

value. Moreover, 2, Kr
K  in 2, 2,

2 ,

3
2 3, 2 3,

5 5
1

r rK K

rK

K K

j
K

u K
=

  shows the number of intervals 

assumed for the fifth K output, and 2,2 3,

5
rK

K
u  indicates the value of each 2, Kr

K

interval pertaining to the fifth variable. In addition, 2,2 3,

5
rK

K

jK  shows the scale of 

the fifth output in the 2, Kr
K th interval, and its scale was accordingly divided into 

three intervals ( 2, 1,2,3
Kr

K = ), where outputs showed linear behaviour and the 

intervals had a different value. Likewise, 3, Kr
K in 3, 3,

3,

3
2 3, 2 3,

6 6
1

r rK K

rK

K K

j
K

u K
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 shows the 

number of intervals considered for the sixth K output, and 3,2 3,

6
rK

K
u indicates the 

value of each 3, Kr
K  interval pertaining to the sixth variable. In addition, 3,2 3,

6
rK

K

jK  

shows the scale of the sixth output placed in the 3, Kr
K th interval. Accordingly, the 

scale of the sixth output was divided into three intervals ( 3, 1,2,3
Kr

K = ) where 
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outputs behaved linearly and intervals had a different value. Moreover, 4, Kr
K in 

4, 4,

4 ,

3
2 3, 2 3,

7 7
1

r rK K

rK

K K

j
K

u K
=

 shows the number of intervals considered for the seventh K 

output, and 4,2 3,

7
rK

K
u refers to the value of each 4, Kr

K  interval pertaining to the 

seventh variable. In addition, 4,2 3,

7
rK

K

jK  shows the scale of the seventh output 

placed in 4, Kr
K . Accordingly, the scale of the seventh output was divided into three 

intervals ( 4, 1,2,3
Kr

K = ) where outputs behaved linearly and intervals had a 

different value. 
Constraint (g) shows the valuation differences pertaining to each undesirable 
output interval. Given the maximization objective function that allocates greater 
weights to larger scales of y, the corresponding DMU will be more efficient; hence 
when the DMU includes undesirable outputs and their scales are larger, the model 
will allocate greater weights to them, and, contrary to the expectation that the 
DMU having the largest scales of undesirable outputs cannot be more efficient, the 
DMU that produces larger scales of undesirable outputs will be more efficient. 
Therefore, this paper allocated different weights to different scales of undesirable 
outputs to analyze the direct effect of undesirable outputs on efficiency evaluation. 
In other words, a piecewise linear function was adopted to divide the undesirable 
outputs with nonlinear effect into specific intervals exhibiting linear behavior as 
well as the intervals with different values. Therefore, the value of the first interval 
was equal to or greater than the value of the second interval, and so on. 
As discussed in detail, a piecewise linear function was employed to determine the 
intervals of undesirable outputs with nonlinear effect and nonlinear valuation in the 
following manner: 

14,

1

1

2,..., 1 ;

0

Y

K

K K jK
r j

rj K j

j

L if K

L L if K K
Y

Y L if K K
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−

−
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 − = −=  − =
 >
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13
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Y Y

Y Y

KK
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Y
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4. Application 
 

As discussed earlier, the proposed model was tested by collecting actual data from 
42 Iranian cement companies listed on the Tehran Stock Exchange in 2016. The 
proposed model is able to evaluate sustainable performance in different industries. 
Inputs and desirable and undesirable outputs were determined for each stage. The 
general network structure includes 42 homogenous DMUs, all of which have four 
stages and also similar internal structures and internal relations shown in Figure 3. 
According to the indicators presented in Table 1 and the general network structure 
model proposed previously, undesirable outputs and their nonlinear effect were 
taken into account and given nonlinear values for the efficiency evaluation of 
companies in GAMS. Table 1 presents the results. 
 

Table 1. Efficiency scores for 42 cement companies 

DMU input
pl-
output

DMU input 
pl-

output 
1 1 1 22 1 1 
2 1 1 23 1 1 
3 1 1 24 1 0.956 
4 1 1 25 1 0.995 
5 1 0.999 26 1 1 
6 1 1 27 0.976 0.752 
7 1 1 28 1 0.983 
8 1 1 29 1 1 
9 1 1 30 1 0.861 
10 1 1 31 1 1 
11 1 1 32 1 1 
12 1 1 33 1 1 
13 1 1 34 1 0.931 
14 1 0.937 35 1 0.948 
15 1 0.949 36 1 1 
16 1 0.863 37 1 1 
17 1 1 38 1 0.975 
18 1 0.996 39 1 1 
19 1 1 40 1 1 
20 1 0.890 41 1 0.939 
21 1 1 42 1 0.931 

The first column shows the numbers of DMUs, including 42 cement 
companies, and the second column shows the efficiency scores for companies 
according to undesirable outputs, and the linear behaviour and values of variables 
based on the method proposed by Tyteca (1997) was employed for efficiency 
measurement, which uses undesirable outputs as inputs at each stage. The results 
indicate that this method is unable to differentiate DMUs efficiency, and the 



 
 
 
 
 
Nasim Roudabr, Seyyed Esmaeil Najafi, Zohreh Moghaddas,  
Farzad Movahedi Sobhani 
____________________________________________________________ 

72 
 

unreliable results cannot be used for decision-making. The piecewise linear 
function was used in the third column to divide the undesirable outputs into 
different intervals and execute the model. In this case, the model aims to allocate 
lower values to highly undesirable outputs (if the production rate increases due to 
undesirable outputs, the maximization objective function of production rate will 
increase the amount of undesirable outputs, and since larger amounts of raw 
materials will be used for producing fewer desirable outputs, an increasing 
production rate will lead to a reduced value). 

 
5. Conclusion 
 

The DEA technique is employed to identify the causes of DMUs 
inefficiency in a competitive environment, and has been widely used in different 
areas. The production of undesirable outputs such as waste, pollution, aerosols, and 
others alongside desirable outputs is one of the main reasons for inefficient 
production processes. The production of undesirable outputs that have a negative 
impact on DMUs efficiency will be unavoidable and the presence of such outputs 
has a significant effect on estimation of DMUs efficiency. In such conditions, the 
designated efficiency evaluation method should be able to decrease undesirable 
outputs and increase desirable ones while being compatible with the concepts of 
production theory. This paper was meant to develop a DEA-based model for 
evaluating the sustainable performance of different industries and propose a new 
model according to the NDEA technique and a piecewise linear function, which 
considers the effects of undesirable outputs in efficiency evaluation and 
distinguishes the valuation between DMUs. The undesirable outputs of interest 
have nonlinear values; in other words, their values are equal to their inverse scales 
and the value of each variable was assumed to be equal to its corresponding scale. 
The proposed model was employed to evaluate the cement companies listed on 
Tehran Stock Exchange. According to the results, this method was more accurate, 
useful and realistic than other methods that consider variables to behave linearly.  
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